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Abstract 

We develop a continuous-time model for a large investor trading at 
market indifference prices. In analogy to the construction of stochas- 
tic integrals, we investigate the transition from simple to general pre- 
dictable strategies. A key role is played by a stochastic differential 
equation for the market makers' utility process. The analysis of this 
equation relies on conjugacy relations between the stochastic processes 
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with values in the spaces of saddle functions associated with the rep- 
resentative agent's utility. 
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1 Introduction 

In this paper we extend to continuous time the single-period model for a 
large trader developed in [1]. We refer to the latter paper for a more detailed 
introduction to the topic of price impact models. 
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As usual in mathematical finance we describe a (self-financing) strategy 
by a predictable process Q of the number of stocks. The role of a "model" is 
to define a predictable process X{Q) representing the evolution of the cash 
balance for the strategy Q. Our approach parallels the classical construction 
of stochastic integrals with respect to semimartingales. The starting point 
is the specification of the market dynamics for simple strategies, where the 
trades occur only at a finite number of times. This is accomplished in an 
inductive manner, building on the results from the single-period case in [1]. 
The main challenge is then to show that this construction allows for a consis- 
tent passage to general predictable strategies. For instance, it is an issue to 
verify that the cash balance process X{Q) is stable with respect to uniform 
perturbations of the strategy Q. 

These stability questions are addressed by deriving and analyzing a non- 
linear stochastic differential equation for the market makers' indirect utility 
processes. A key role is played by the fact, that together with the strategy 
Q, these utilities form a "sufficient statistics" in our model. More precisely, 
given the strategy Q, at any point in time, the indirect utilities of market 
makers are in one-to-one correspondence with the cash balance position of 
the large trader and the weights of the Pareto optimal allocation of wealth 
among the market makers. The corresponding functional dependences are 
explicitly given as the gradients of the conjugate saddle functions associ- 
ated with the description of the economy in terms of a representative market 
maker. 

An outline of this paper is as follows. In Section 2 we collect some stan- 
dard concepts and notations. In Section 3 we define the model and study 
the case when the investor trades according to a simple strategy. Section 4 
extends to continuous time the duality results from [1] for stochastic pro- 
cesses with values in saddle functions originating from the utility function 
of the representative market maker. With these tools at hand, we formally 
define the strategies with general continuous dynamics in Section 5. We 
conclude with Section 6 by showing that the construction of strategies in 
Section 5 is consistent with the original idea based on the approximation by 
simple strategies. In the last two sections we restrict ourselves to a Brownian 
setting, due to convenience of references to the book [4] by Kunita. 
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2 Notations 



To streamline the presentation we collect below some standard concepts and 
notations used throughout the paper. 

We will work on a filtered probability space {Q, {^t)o<t<T,^) satisfy- 
ing the usual conditions of right-continuity and completeness. As usual, we 
identify random variables differing on a set of P-measure zero; L°(R'^) stands 
for the metric space of such equivalence classes with values in R"' endowed 
with the topology of convergence in probability and L^(R'^), p > 1, denotes 
the Banach space of p-integrable random variables. For a a- field £/ (Z ^ and 
a set A C R'^ denote L'^{£/,A) and L^{£/,A), p > I, the respective subsets 
of L°(R'^) and L^(R^) consisting of all ^eZ-measurable random variables with 
values in A. 

For a set A C R'^ a map ^ : A — t- L°(R^) is called a random field; ^ is 
continuous, convex, etc., if its sample paths ^(w) : A — )■ R^ are continuous, 
convex, etc., for all w G fi. A random field rj is called a modification of ^ if 
^(x) = r]{x) for every x E A; ^ and rj are indistinguishable if sup^g^|^(x) — 
ri{x)\ = 0. A random field X : A x [0,T] ^ L°(R^) is called an (adapted) 
stochastic process if, for t e [0,T], Xt = X{-,t) : A L°(^t,R"); X has 
values in the space of functions which are continuous, convex, etc., if for any 
t G [0,T] the random field Xt is continuous, convex, etc.. 

Let m be a non-negative integer and U be an open subset of R'^. Denote 
by C"* = C^{U, R"^) the Frechet space of m-times continuously differentiable 
maps / : t/ — )■ R"^ with the topology generated by the semi-norms 



where C is a compact subset of U, a = (ai, . . . , ad) is a multi-index of non- 
negative integers, \a\ = XliLi 



In particular, form = 0, 9° is the identity operator and ||/||o,c — ^'^Pxec 1/(^)1- 

For a metric space X we denote by D(X, [0, T]) the space of RCLL (right- 
continuous with left limits) maps of [0,T] to X; the notation C(X, [0,T]) is 
used for the space of continuous maps [0, T] X. 



(2.1) 




0<|a|<m 
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For a stochastic process X we let = suPq<^<JXs|. We shall say 
that {X^)n>i converges to X in the ucp topology (uniform convergence in 
probability) if (X" — X)^ converges to in probability. 

The boundary of a set A C R*^ is denoted by d A. For vectors x and y in 
R'', we denote by (x, y) their Euclidean scalar product and by |x| = ^ (x, x) 
the norm of x. The relations x < y and x < y are understood in the per 
coordinate sense. The symbol 1 = (1, . . . , 1) is used for the vector in R'^ with 
components equal to one. 

We use the symbols A for min and V for max. The positive and negative 
parts of a; G R are denoted by x~^ = max(a;, 0) = x VO and x~ — max(— x, 0). 

3 Model 

3.1 Market makers and the large investor 

We consider a financial model where M G {1,2, . . .} market makers quote 
prices for a finite number of traded assets. Uncertainty and the flow of 
information are modeled by a filtered probability space {Q, (^t)o<t<T, P) 
satisfying the standard conditions of right-continuity and completeness; the 
initial a-field is trivial, T is a finite maturity, and ^ = 

The way the market makers serve the incoming orders crucially depends 
on their attitude toward risk, which we model in the classical framework of 
expected utility. Thus, we interpret the probability measure P as a descrip- 
tion of the common beliefs of our market makers (same for all) and denote 
by Um = {um{x))x£n market maker m's utility function for terminal wealth. 

Assumption 3.1. Each Um = Um{x), m = 1, . . . , M , is a strictly concave, 
strictly increasing, continuously differentiable, and bounded from above func- 
tion on the real line R satisfying 

(3.1) lim Umix) = 0. 

The normalizing condition (3.1) is added only for notational convenience. 
Our main results will be derived under the following additional condition on 
the utility functions, which, in particular, implies their boundedness from 
above. 
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Assumption 3.2. Each utility function Um = Um{x), m = 1,...,M, is 
twice continuously differentiable and its absolute risk aversion coefficient is 
bounded away from zero and infinity, that is, for some c > 0, 

- < arnix) ^ -"^^ < c, X e R. 



The prices quoted by the market makers are also influenced by their initial 
endowments ao = (00*)™=!,..., a/ G L°(R^^), where is an ^-measurable 
random variable describing the terminal wealth of the mth market maker (if 
the large investor, introduced later, will not trade at all). We assume that 
the initial allocation ao is Pareto optimal in the sense of 

Definition 3.3. Let ^ be a cr-field contained in ^ . A vector of ^-measurable 
random variables a = (a™)m=i,...,A/ is called a Pareto optimal allocation given 
the information ^ or just a -Pareto allocation if 

(3.2) E[|M^(a'")||^] <oo, m = l,...,M, 

and there is no other allocation /3 G L°(R^^) with the same total endowment, 



M M 

m 



(3.3) E Z^'" = E 



m=l m=l 

leaving all market makers not worse and at least one of them better off in 
the sense that 

(3.4) ¥.[um{rW] > EK(a™)|^] for all m = 1, . . . , M, 
and 

(3.5) P[E[n„(/3™)|^] > E[n,„(a™)|^]] > for some m G {1, . . . , M}. 

A Pareto optimal allocation given the trivial cx-field is simply called a 
Pareto allocation. 

Finally, we consider an economic agent or investor who is going to trade 
dynamically the marketed contingent claims if) = (V'"')j=i,...,j G L°(R'^), 
where determines the cash payoff of the jth security at the common ma- 
turity T. As the result of trading with the investor, up to and including 
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time t G [0,T], the total endowment of the market makers may change from 
So = E™=i < to 

J 

(3.6) S(e, ^) ^ So + e + {0, V^) = So + e + 5^ ^'V'^ 

i=i 

where ^ G L°(^t,R) and 9 G L°(.^(,R'') are, respectively, the cash amount 
and the number of contingent claims acquired by the market makers from the 
investor. Our model will assume that E(,^, 9) is allocated among the market 
makers in the form of an .^j-Pareto allocation. For this to be possible we 
have to impose 

Assumption 3.4. For any x G R and q G R"^ there is an allocation /3 G 
L'^(R^-'^) with total random endowment defined in (3.6) such that 

(3.7) E[u^(/3")] > -cx), m = l,...,M. 

Lemma 3.5. Under Assumptions 3.1 and 3.4, for any a-field ^ (L ^ and 
random variables ^ G L°(^,R) and 9 G L°(^,R'^) there is an allocation 
P G L'^(R^^) with total endowment S(^,6') such that 

(3.8) E[m^(/3™)|^] > -oo, m = l,...,M. 

Proof. Without restricting generality we can assume that ^ and 9 are bounded. 
Then (^, 9) can be written as a convex combination of finitely many points 
{xk, qk) e R^+-^, k = 1, . . . , K with ^-measurable weig hts A^>0, EtiA'= = 
1. By Assumption 3.4, for each k = 1, . . . , K there is an allocation with 
the total endowment Ti{xk,qk) such that 

EK(/3n]>-oo, m = l,...,M. 

Thus the allocation 

k=l 

has the total endowment S(,^, 9) and, by the concavity of the utility functions, 
satisfies (3.7) and, hence, also (3.8). □ 
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3.2 Simple strategies 

An investment strategy of the agent is described by a predictable J-dimensional 
process Q = {Qt)o<t<T, where Qt = {Qt)j=i,...,j is the cumulative number 
of the contingent claims ip = (V'"')j=i,...,j sold by the investor through his 
transactions up to time t. For a strategy to be self-financing we have to com- 
plement Q by a corresponding predictable process X = (Xf)o<t<T describing 
the cumulative amount of cash spent by the investor. Hereafter, we shall call 
such an X a cash balance process. 

Remark 3.6. Our description of a trading strategy follows the standard prac- 
tice of mathematical finance except for the sign: positive values of Q or 
X now mean short positions for the investor in stocks or cash, and, hence, 
total long positions for the market makers. This convention makes future 
notations more simple and intuitive. 

To facilitate the understanding of the economic assumptions behind our 
model we consider first the case of a simple strategy Q where trading occurs 
only at a finite number of times, that is, 

N 

(3.9) Qt = J2^nlir„-^,r„]{t), 0<t<T, 

n=l 

with stopping times = tq < . . . < r^v = T and random variables On G 
L°(^T-„_u R-"^); n = 1, . . . , N. It is natural to expect that, for such a strategy 
Q, the cash balance process X has a similar form: 

N 

(3.10) Xt = J2^nMr„^urn]it), 0<t<T, 

n=l 

with G R-); n = 1, . . . , N . In our model, these cash amounts will 

be determined by (forward) induction along with a sequence of conditionally 
Pareto optimal allocations {an)n=i,...,N such that each is an ^^^_j-Pareto 
allocation with the total endowment 

s(e„,ft„) = So + en + (^n,V^). 

Recall that at time 0, before any trade with the investor has taken place, 
the market makers have the initial Pareto allocation ao and the total en- 
dowment Sq. After the first transaction of 6i securities and .^i in cash, the 
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total random endowment becomes ^i). The central assumptions of our 
model, which will allow us to identify the cash amount uniquely, are that, 
as a result of the trade, 

1. the random endowment is redistributed between the market 
makers to form a new Pareto allocation ai, 

2. the market makers' expected utilities do not change: 

EK«)] = m = 1, . . . , M. 

We postpone the discussion of the economic features of these conditions until 
Section 3.3. 

Proceeding by induction we arrive at the rebalance time r„ with the 
economy characterized by an ^^^^n^-Pareto allocation a„ of the random en- 
dowment 9n)- We assume that after exchanging 0n+i — 9n securities and 

— ^„ in cash the market makers will hold an ^T^-Vaieio allocation 
of S(^„+i, 6n+\) satisfying the key condition of the preservation of expected 
utilities: 

(3.11) EMa-i)|^J=EMa-)|^J, m = l,...,M. 

The fact that this inductive procedure indeed works is ensured by the 
following result, established in a single-period framework in [1], Theorem 2.7. 

Theorem 3.7. Under Assumptions 3.1 and 3.4, every sequence of posi- 
tions {On)n=i,...,N of a simple strategy as in (3.9) yields a unique sequence 
of cash balances {C,n)n=i,...,N in (3.10) and a unique sequence of allocations 
{o:n)n=i,...,N such that, for each n = 1, . . . , N , an is an ^r^^i-Pareto alloca- 
tion of'E{C,n,On) preserving the market makers' expected utilities in the sense 
of (3.11). 

Proof. Follows from Lemma 3.5, Lemma 3.8 below, and a standard induction 
argument. □ 

Lemma 3.8. Let Assumption 3.1 hold and consider a a -field ^ C ^ and 
random variables 7 G L°(^, (— 00, 0)^^) and S G L°(R). Suppose there is 
an allocation (3 G L°(R'^) which has the total endowment S and satisfies the 
integrability condition (3.8). 

Then there are unique ^ G L°(^, R) and a '^^ -Pareto allocation a with the 
total endowment S -|- ^ such that 

EK(0|^]=7™, m = l,...,M. 
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Proof. The uniqueness of such ^ and a is a direct consequence of the defi- 
nition of the 5f-Pareto optimahty and the strict concavity and monotonicity 
of the utihty functions. To verify the existence we shall use a conditional 
version of the argument from the proof of Theorem 2.7 in [1]. 

To facihtate references we assume hereafter that 7 G L^(?f, (—00,0)*''^). 
This extra condition does not restrict any generality as, if necessary, we can 
replace the reference probabihty measure P with the equivalent measure Q 
such that 

1 



const 



dF 1 + I7I 

Note that because 7 is 1^-measurable this change of measure does not affect 
^-Pareto optimality. 

For rj e L°(5f,R) denote by ^(77) the family of allocations f3 G L°(R^^) 
with total endowments less than or equal to E + 77 such that 

E[um{r)\m>l"", m = l,...,M. 

From the properties of the utility functions in Assumption 3.1 and the exis- 
tence of an allocation /3 having the total endowment S and satisfying (3.8) 
we deduce that the set 

is not empty. If 77 G J^, then ^^(77) is convex (even with respect to ^- 
measurable weights) by the concavity of the utility functions. Now observe 
that if (7/j)i=i,2 belong to Jif so does rji A 7/2. It follows that there is a 
decreasing sequence {rin)n>i in such that its limit ^ is less than or equal 
to any element of J^. Let /3„ G ^{rjn), n > 1. 

From the properties of utility functions in Assumption 3.1 we deduce the 
existence of c > such that, for m = 1, . . . , M, 

x~ < c{—Um{x)), X < 0. 

Hence, for m = 1, . . . , M, 

E[(/3;r)")] < cE[{-uUn)] < -cni"^] < oo, n>l, 
implying that the sequence {{/3n)~)n>i is bounded in L^(R^-'^). Since 

M 



m=l 
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we deduce that the family of all possible convex combinations of (/3n)n>i is 
bounded in LO(R^). 

By Lemma Al.l in Delbaen and Schachermayer [3] we can then choose 
convex combinations Cn of {Pk)k>ni n > 1, converging almost surely to a 
random variable a G L°(R*^). It is clear that 

M 

(3.12) ^a™<S + e 

m=l 

Since the utility functions are bounded above and, by the convexity of ^{rjn)-, 
Cn £ ^iVn), an application of Fatou's lemma yields: 

(3.13) EK(OI^] > limsupE[M^(C)|^] > 7"^, m = 1, . . . , M. 

It follows that a G ^(0- The minimality property of ^ then immediately 
implies that in (3.12) and (3.13) we have, in fact, equalities and that a is a 
^^-Pareto allocation. □ 

In Section 5 we shall prove a more constructive version of Theorem 3.7, 
namely. Theorem 5.1, where the cash balances ^„ and the Pareto allocations 
an will be given as explicit functions of their predecessors and of the new 
position 9n- 

The main goal of this paper is to extend the definition of the cash balance 
processes X from simple to general predictable strategies Q. This task has 
a number of similarities with the construction of a stochastic integral with 
respect to a semimartingale. In particular, we are interested in the following 
questions: 

Question 3.9. For simple strategies {Q"')n>i that converge to another simple 
strategy Q in ucp, i.e., such that 

(3.14) (g" - QY^ ^ sup IQ'l - Qt\ ^ 0, 

0<t<T 

do the corresponding cash balance processes converge in ucp as well: 

(X" - xy^ -> 0? 

Question 3.10. For any sequence of simple strategies {Q"')n>i converging 
in ucp to a predictable process Q, does the sequence (X")„>i of their cash 
balance processes converge to a predictable process X in ucp? 
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Naturally, when we have an affirmative answer to Question 3.10, the 
process X will define the cash balance process for the strategy Q. Note that 
a predictable process Q can be approximated by simple processes as in (3.14) 
if and only if it has LCRL (left-continuous with right limits) trajectories. 

The construction of cash balance processes X and processes of Pareto 
allocations for general strategies Q will be accomplished in Section 5 and 
the answers to the Questions 3.9 and 3.10 will be given in Section 6 after 
a (rather long and technical) study of stochastic processes associated with 
Pareto optimal allocations in Section 4. 

3.3 Economic considerations 

This section contains a few remarks concerning the economic features of our 
model; see also the introduction to our companion paper [1]. 

Remark 3.11. The above model for the interaction between a large trader 
and the market makers is essentially based on two economic assumptions: 

1. After every trade the market makers can redistribute additional secu- 
rities and cash to form a conditionally Pareto optimal allocation. 

2. As a result of a trade, the indirect utilities of the market makers do 
not change. 

Concerning the first condition, we remark that only in some special cases 
(for example, if the utility functions for all market makers are exponen- 
tial) the market makers can achieve the required Pareto allocations by static 
trading of the marketed contingent claims ip among themselves. In general, 
a larger set of contingent claims containing non-linear functions of the initial 
endowment ao and contingent claims if) is needed. An interesting problem 
for future research is to determine conditions under which the market makers 
can accommodate any strategy of the large investor by dynamic trading in 
the stocks ip only. 

The second condition can be viewed as a consequence of the following two 
assumptions: 

2a. At any time t G [0,T] the market makers quote marginal prices 



(3.15) 
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for infinitesimally small quantities of contingent claims where Q is 
the pricing measure of the current ^^-Pareto allocation a: 



(3.16) 



dQ 



A 




m = 1, . . . , M. 



It is well-known that the existence of such a measure follows from the 
first-order condition of Pareto optimality; see (4.5) in Theorem 4.1 
below. Note that the trading of small quantities q of the stocks at 
these prices will not change the conditional expected utilities for market 
makers to the first order: 



2b. The market makers have no a priori knowledge about the subsequent 
trading strategy of the economic agent. They base their decisions en- 
tirely on the past without speculating about the future positions the 
large investor may take. As a consequence, two trading strategies with 
identical history but different future lead to the same current Pareto 
allocation. 

To see how conditions 2a and 2b imply assumption 2, note that the in- 
vestor can split any large transaction into a number of very small orders. 
Each of these orders will be filled at marginal prices leaving the conditional 
expected utilities for the market makers unchanged. 

Remark 3.12. We emphasize the fact that for the simple strategy Q in The- 
orem 3.7 the allocation a„ is Pareto optimal only with respect to the infor- 
mation ^r„_i (and is, thus, not necessarily ^o-)Paieto optimal!). This may 
lead to the situation where for two simple strategies Q and R the terminal 
gain (viewed from the collective position of the market makers) of the former 
strictly dominates the one of the latter: 



To construct an example, take any simple strategy Q resulting in the ter- 
minal allocation a{Q) which is not (unconditionally) Pareto optimal. Con- 
sider the model with the additional traded asset: 



EK(a™' + {q,iJ- St))\^t] = E[n^(a™)|^i] + o{\q\), \q\ ^ 0. 



(3.17) 



{QT,i^)+XT{Q) > {Rt,^)+Xt{R). 



^J+l = {QT,i')+XT{Q), 
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and take R to be its buy and hold strategy: 

= 0, J < J, = 1. 

As all transactions in R take place at initial time, the terminal allocation 
a{R) is (t^o-)Pareto optimal and the cash balance process X[R) is constant. 
Both terminal allocations a{Q) and a{R) yield same expected utilities to the 
market makers, while their total random endowments differ by X{R). Since 
a{Q) is not Pareto optimal, it follows that X{R) < 0, implying (3.17). 

Of course, the existence of Q and R satisfying (3.17) does not lead to 
an arbitrage opportunity for the large trader. In fact, as we shall see in 
Lemma 5.7 below, even after the extension to a continuous-time framework 
our model will not contain arbitrage strategies. Moreover, contrary to the 
standard, small agent, model of mathematical finance, to prevent arbitrage, 
we will not need to impose on a general strategy Q any "admissibility" re- 
quirements. 

Remark 3.13. As we discussed in [1] the above framework is, of course, not 
the only possible "equilibrium-based" model for a large economic agent. For 
example, if we replace condition 2b with the more conventional complete 
information assumption: 

2b'. Before any trading takes place the market makers possess full knowl- 
edge of the large investor's future strategy. 

then the market makers' reaction to a strategy Q will be very different. At 
time the market makers will immediately change the initial Pareto allo- 
cation Q!o to a terminal Pareto allocation ai {even if no transaction takes 
place at t = 0!). In the spirit of the Arrow-Debreu theory of general equi- 
librium the new Pareto optimal allocation ai is characterized by the budget 
equations: 

EqK] = EqK], m = l,...,M, 
and the clearing condition: 

M 
m=l 

where Q and 5* are the pricing measure and the price process of the Pareto 
optimal allocation ai, see (3.16) and (3.15). 



M 



Qt dSt 
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Note that under this alternative market mechanism the market makers' 
expected utihties will increase and, hence, this model is "more friendly" to 
them than our model. It is easy to see that for a constant (buy and hold) 
strategy Q our model leads to a higher terminal gain for the large investor 
and, therefore, is more favorable to him. For a general strategy Q the relative 
advantages of these models from the point of view of our trader are not so 
clear cut, due to the phenomena discussed in Remark 3.12. 

4 Stochastic processes of Pareto allocations 

The passage from the discrete-time portfolio dynamics of Section 3.2 to gen- 
eral continuous-time dynamics in Section 5 will rely on the study of stochastic 
processes associated with Pareto allocations presented in this section. 

4.1 Parameterization of Pareto allocations 

We begin by recalling the results and notations from Section 4 in [1] con- 
cerning the classical parameterization of Pareto allocations. As usual in the 
theory of such allocations, a key role is played by the utility function of the 
representative market maker given by 

M 

(4.1) r{v,x)= sup J2^"'^'>n{x'^), u e (0,oo)*^x e R. 

x^H hx^'=x 

We shall rely on the properties of this function stated in Section 4.1 of [1], 
Theorems 4.1 and 4.2. Following [1], we denote 

(0,oo)^^ X Rx R-^, 

the parameter set of Pareto allocations in our economy. An element a G A 
will often be represented as a = {v,x,q), where v G (0, oo)*^, x G R, and 
q G R"' will stand for, respectively, weights, a cash amount, and a number of 
stocks owned collectively by the market makers. 

According to Theorem 4.3 in [1], for a = (f , x, q) G A, the random vector 
7r(a) G L0(R^0 defined by 

3r 

(4.2) v'''u'^{n''\a)) = —{v,J:{x,q)), m = l,...,M, 
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forms a Pareto allocation and, conversely, for (x, g) G R x R"^, any Pareto 
allocation of the total endowment is given by (4.2) for some v G 

(0,00)^''^. Moreover, n{vi,x,q) = 7i{v2,x,q) if and only if Vi = CV2 for some 
constant c > and, therefore, (4.2) defines a one-to-one correspondence 
between the Pareto allocations with total endowment T,{x,q) and the set 

M 

(4.3) S^ = {u'G (0,1)^: J]w;'" = l}, 

m=l 

the interior of the simplex in R*^. Following [1], we denote by 

tt: A^L°(R^^), 

the random field of Pareto allocations given by (4.2). Clearly, the sample 
paths of this random field are continuous. Note that, by the properties of 
the function r = r{v,x), see Theorem 4.1 in [1], the Pareto allocation 7i{a) 
can be equivalently defined by 

(4.4) u^{n"^{a)) = -^{vM^,q)). 

In Corollary 4.2 below we provide the description of the conditional Pareto 
allocations in our economy, which is analogous to (4.2). The proof of this 
corollary relies on the following general and well-known fact, which is a con- 
ditional version of Theorem 4.3 in [1]. 

Theorem 4.1. Consider the family of market makers with utility functions 
{um)m=i,...,M satisfying Assumption 3.1. Let (Z ^ he a a-field and a G 
L''(R^''^). Then the following statements are equivalent: 

1. The allocation a is '^-Pareto optimal. 

2. The integrability condition (3.2) holds and there is \ E L°(^, S^^) such 
that 

(4.5) A'-n:„(0 = -^(A,^a^), m = l,...,M, 

k=l 

where the function r = r{v,x) is defined in (4.1). 
Moreover, such a random variable A is defined uniquely in L°(^, S^^). 
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Proof. 1 =^ 2: It is enough to show that 



(4.6) ^^eL°(^,(0,oo)), m = l,...,M. 

Indeed, in this case we can define 

and (4.5) follows from the properties of r = r{v,x), see Theorem 4.1 in [1]. 
Clearly, any A G L^{'^,S'^) obeying (4.5) also satisfies the equality above 
and, hence, is defined uniquely. 

Suppose (4.6) fails to hold for some index m, for example, for m = 2. 
Then we can find a random variable ^ such that 

and the set 

A^icuen-. EK(ai)e|^](a;) < < EK(a')e|^](w)} 

has a positive probability. 

From the continuity of the first derivatives of the utility functions we 
deduce the existence of < e < 1 such that the set 

B = {ooen: E[u[{a^ - eO^\'^]{oo) < < E[u'^{a^ + eO^l^lM) 

also has positive probability. Denoting r] = e^Ib and observing that, by the 
concavity of utility functions, 

uii^a-^) < uii^a-^ — v) ~^ u'^i^a-^ — ri)ri, 
M2(a^) < M2(a^ + v)- ""2(0;^ + 77)77, 

we obtain that the allocation 

/3i=ai-ry, /32 = ct2 + r/, = a™, m = 3, . . . , M, 

satisfies (3.3), (3.4), and (3.5), thus, contradicting the ^-Pareto optimality 
of a. 



17 



2 =^ 1: For any allocation /3 G L°(R^) with the same total endowment 
as a we have 

M M M 

(4.7) Yl ^""^rniD < r(A, ^ a™) = ^ A"^n„(a'"), 

m=l m=l m=l 

where the last equality follows from (4.5) and the properties of the function 
r = r{v,x), see Theorem 4.1 in [1]. Granted integrability as in (3.2), this 
clearly implies the ^f-Pareto optimality of a. □ 

From Theorem 4.1 and the definition of the random field vr = 7r(a) in (4.2) 
we obtain 

Corollary 4.2. Let Assumptions 3.1 and 3.4 hold and consider a a-field 
^ C ^ and random variables ^ G L°($f , R) and 6 G L°(5f , R-^). 

Then for any A G L°(^, (0, oo)^^) the random vector 7i{X,^,6) forms a 
^-Pareto allocation. Conversely, any ^-Pareto allocation of the total endow- 
ment S(^, 6) is given by 7r(A, C,, 0) for some A G L°(^, (0, oo)^). 

Proof. The only delicate point is to show that the allocation 

a"^ = 7i'^{X,^,e), m = l,...,M, 

satisfies the integrability condition (3.2). Lemma 3.5 implies the existence 
of an allocation (3 of 2(^,6*) satisfying (3.8). The result now follows from 
inequality (4.7) which holds true by the properties of the function r = r{v, x) 

□ 

4.2 Stochastic process of indirect utilities 

A key role in the construction of the general investment strategies will be 
played by the stochastic process F : A x [0, T] — )> L°(— oo, 0) given by 

(4.8) F{a,t) ^E[r{v,J:{x,q))\^t], a = {v,x,q) e A, t e %T], 

where r = r{v,x) is the utility function of the representative market maker 
defined in (4.1). The value F{v,x,q,t) defines the indirect utility of the 
representative market maker at time t with the weights v and the endow- 
ment S(a;, q). The main results of this section, Theorems 4.3 and 4.4 below, 
describe the structure of the sample paths of this random field. 
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Fix a constant c > 0, which will be used in (F7)-(F9) below. Following 
Section 3 in [1], for a function 

(4.9) /: A -^(-00,0) 

we define the following conditions: 

(Fl) The function / is continuously different iable on A. 

(F2) For any {x,q) G R x R"', the function f{-,x,q) is positively homoge- 
neous: 



(4.10) f{cv, X, q) = cf{v, X, q), for all c > and t> G (0, oo 



and strictly decreasing on (0, oo)^-'^. Moreover, if M > 1 then f{-,x,q) 
is strictly convex on the set S^-'^ defined in (4.3) (the interior of the 
simplex in R*''^) and for any sequence {wn)n>i in converging to a 
boundary point of S^^ 

(4.11) lim /(u;„,x,g) = 0. 

(F3) For any v G (0, oo)*^, the function f{v, ■, ■) is concave on R x R^^. 

(F4) For any (f , q) G (0, oo)^^ x R"^, the function f{v, ■, q) is strictly concave 
and strictly increasing on R and 

(4.12) lim f{v,x,q) =0. 

x—^oo 

(F5) The function / is twice continuously differentiable on A and, for any 
a = {v, X, q) G A, 

and the matrix A{f){a) = (A''"(/)(a));,„=i,...,M given by 

(4.13) A (/)(a) = df i n„./n„.m ~ fl27n„./n™ n„.mfl™ I ('^)' 



^ I dv^dv'^ ^ dv'-dx dv"^dx 

ax \ dx^ 



has full rank. 
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(F6) If M > 1 then for any (x, g) G R x R-^ and any sequence {Wn)n>i in 
S^^ converging to a boundary point of S*'^ 

(9/ 

n— >-co ' OV 
m=l 

(F7) For any a = {v, x, g) G A and m = 1, . . . , M, 

(F8) For any a G A and 2; G R*'^, 

-{z,z) < {z,A{f){a)z) <c{z,z), 
c 

where the matrix A{f){a) is defined in (4.13). 
(F9) For any a = {v, x, g) G A and m = 1, . . . , M, 

1 d^f (9V d^f 

Following [1] we define the families of functions: 

={/ as in (4.9) : (F1)-(F4) hold}, 
4{/ G F^ : (F5) holds}. 

We also denote 

F^ ^ {/ G F^ : (F6) holds}, 
and, for a constant c > 0, 

F\c) 4 {/ G F^ : (F6)-(F9) hold for given c}. 

Note that in the case of a single market maker, when M = 1, the con- 
dition (F6) and the second part of (F4) hold trivially and, in particular, 
pi = pi_ 

Hereafter, we shall view F*, i = 1,2, as topological subspaces of the 
corresponding Frechet spaces C*(A) of z-times continuously differentiable 
functions with the semi-norms || -114,0 defined in (2.1). A similar convention 
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will also be used for and F^(c). Note that, as the elements of are 
saddle functions, the topology on F^ is equivalent to the topology of pointwise 
convergence, see Theorems 35.4 and 35.10 in the book [5] by Rockafellar. 

We now state the main results of this section. In a one-period setting 
they were established in [1], Theorems 4.7 and 4.13. Recall the notation 
D(X, [0,T]) from Section 2 for the space of ROLL maps of [0,T] into a 
metric space X. 

Theorem 4.3. Under Assumptions 3.1 and 3.4 the stochastic process F = 
F{a,t) defined in (4.8) has a modification with sample paths in D(F^, [0,T]). 
Moreover, for any compact set C C A 

(4.14) E[||F(-,T)||i,c;] <oo, 

and, for a = [v, x, q) G A, t G [0, T], and z = l,...,M + l + J, 

For later use, we note the following expressions for the first derivatives of 
F = F{a, t) with respect to v. 

(4.16) |^(a,t)=EK(7r'"(a))|^i], m = l,...,M, 
which follow from (4.15) and (4.4). 

Theorem 4.4. Under Assumptions 3.1, 3.2, and 3.4 the stochastic pro- 
cess F = F{a^t) defined in (4.8) has a modification with sample paths in 
D(F^(c), [0,T]) with the constant c > from Assumption 3.2. 
Moreover, for any compact set C C A 

(4.17) E[||F(-,r)||2,c7]<oo, 

and, for a = {v, x, g) G A, t G [0, T], and i,j = l,...,M + l + J, 

The rest of the section is devoted to the proofs of these two theorems. We 
start with the following basic result on the existence of smooth modifications 
for parametric families of martingales. 
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Lemma 4.5. Let m be a non-negative integer, U he an open set in R*^, and 
^ : U be a random field with sample paths in C™ = C"'(t/) such that 

for any compact set C G U 



has a modification with sample paths in 0(0™, [0,T]) and, for any multi- 
index a = (ai, . . . , ttd) of non-negative integers with \a\ = J2i=i — ^! 



where d"' is the differential operator of the order a with respect to x defined 
m (2.2). 

Proof. By induction, it is sufficient to consider the cases m = 0, 1. 

Assume ffist that m = 0. It is well-known that, for any x & U, the 
martingale M{x) has a modification in D(R, [0, T]). Fix a compact set C G U 
and let (xj)i>i be a dense countable subset of C. Standard arguments show 
that the stochastic process M : C x [0, T] — t- R has a modification in 



Then the stochastic process 



Mt{x) = E[^{x)\^t], <t <T, X eU, 



d^Mt{x) =E[d^^{x)\,^t], 0<t<T,xeU, 



D(C,[0,T])if 



(4.19) 



lim P[sup(M(xi))r > a] 



(4.20) 




0, for any e > 0, 




Yt{S)^E[ sup |e(x,)-e(x,)||^t], 



Xi—Xj\<S 



are well-defined and 



(4.21) 



\imE[YT{S)] = 0. 
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Since, clearly, 

sup|Mf(xi)| < Xt, 
sup \Mt{xi)-Mt{xj)\<Yt{5), 

\xi—Xj\<.5 

we deduce from Doob's inequality: 

P[sup(M(xi))^ > a] < P[X* > a] < -¥.[Xt\, 

P[ sup {M{xi) - M(xj-))t > ^] < P[(>"(<^))t > ^] < -E[Ft(5)], 

which, jointly with (4.21), implies (4.19) and (4.20). This concludes the proof 
for the case m = 0. 

Assume now that m = 1 and define the stochastic process 

A(x) ^ E[Ve(x)|^<] : f/ X [0,T] ^ L0(R'^), 

where V = (gfr, • • • , ^) is the gradient operator. From the case m = 
we obtain that the stochastic processes M = Mt{x) and D = Dt{x) have 
modifications in D(C, [0,T]), which we shall use. For M = Mt{x) to have 
a modification in D(C^, [0,T]) with the derivatives given by = -Dt(x) we 
have to show that 

(4.22) limP[ sup ^(A^(x,?/))^ > = 0, for any £ > 0, 

"5-^0 x&C,\x-y\<S 

where 

N{x, y) = M{y) - M{x) - {D{x), y - x) . 

We follow the same path as in the proof of the previous case. Our as- 
sumptions on ,^ = ^{x) imply that, for sufficiently small 5 > 0, the martingale 

Z,{5)^n sup -X{y)-^[x)-{Vi{x),y-x)\m, 

x(^C,\x-y\<& 

is well-defined and 

(4.23) limE[ZT(5)] = 0. 
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Since 



sup 

x&C,\x-y\<& 

we have, by Doob's inequality, 



Nt{x,y)<Zt{5) 



P[ sup 




-AN{x,y)r^ >e]< nzmr > < -E[Zt(5)], 



x(iC,\x—y\ 



and (4.22) follows from (4.23). 



□ 



Lemma 4.6. Let U he an open set in R™ (and, in addition, he a convex set 
for conditions (C3) and (CI) and a cone for (C4))- Let furthermore V he 
an open set in R', and ^ = ^{x, y) : U x V ^ he a random field with 
continuous sample paths such that for any compact set C G U x V 



has a modification with sample paths in D(C(f/ x V), [0,T]). Moreover, if 
the sample paths of C, helong to C, then there is a modification of M with 
sample paths mD(C, [0,T]), where C = C{UxV) is any one of the following 
suhspaces of C = C{U x V) : 

(CI) C consists of all non-negative functions; 

(C2) C consists of all functions f = f{x,y) which are non- decreasing with 
respect to x; 

(C3) C consists of all functions f = f{x,y) which are convex with respect to 



(C4) C consists of all functions f = f{x, y) which are positively homogeneous 
with respect to x: 



E[ sup \i{x,y)\] < oo. 

{x,y)eC 



Then the stochastic process 



Mt{x,y) ^ E[^{x,y)\^t], < t < T, x e U, y E V, 



x; 



f{cx,y) 



cf{x,y) 



c> 0. 



(C5) C consists of all strictly positive functions; 
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(C6) C consists of all functions f = f{x,y) which are strictly increasing 
with respect to x: 

f{xu y) < f{x2, y), Xi< X2, Xi ^ X2; 

(C7) C consists of all functions f = f{x,y) which are strictly convex with 
respect to x: 

^(/(a^i, y) + f{x2, y)) > fi^i^i + X2),y), xi 7^ X2. 

If, in addition, the random field ^ is such that for any compact set D G V 
(4.24) E[ sup ^ix,y)]<oo, 

(x,y)GU xD 

then the assertion also holds for the following subspaces: 

(C8) C consists of all non-negative functions f = f{x,y) such that for any 
increasing sequence (C„)„>i of compact sets in U with U„>iC„ = U 
and for any compact set D G V 

lim sup sup /(x, y) = 0; 

(C9) C consists of all functions f = f{x,y) such that for any increasing 
sequence (C„)„>i of compact sets in U with Un>iC„ = U and for any 
compact set D C V 

lim sup sup /(x, = — 00. 

xeu/Cn y<^D 

Proof. The existence of a modification for M with sample paths in D(C, [0, T]) 
has been proved in Lemma 4.5. Hereafter we shall use this modification. 

The assertions of items (C1)-(C4) are straightforward, since for any t G 
[0,T] these conditions are obviously satisfied for the random field Mf : U — >■ 
L° and the sample paths of M belong to D(C, [0,T]). 

To verify (C5) recall the well-known fact that if iV is a martingale on [0, T] 
such that Nt > 0, then inffg[o,T] Nt > 0. For any compact set C C t/ x 1^ we 
have by (C5) that inf(^. ,^)g(7 y) > and, hence, 

inf inf Mt(x,y) > inf E\ inf ^(x,y)\^t] > 0, 
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implying (C5). Observe that this argument clearly extends to the case, when 
U is an F„-set, that is, a countable union of closed sets. 

The cases (C6) and (C7) follow from (C5) by re-parameterization. For 
example, to obtain (C6) define the set U C R^™ and the random fields 
r]-. U xV and N : U x V x [0,T] ^ L° as 

U = {{xi,X2) : Xi eU, Xi < X2, xi ^ X2}, 
?7(xi, X2, y) = ^(x2, y) - ^(xi, y), 
Nt{xi,X2, y) = Mt{x2, y) - Mt{xi, y). 

While the set U is not open, it is an Fo--set. An application of (C5) to 77 and 
then yields (C6) for ^ and M. 

For the proof of (C8) recall that by Doob's inequality, if (A^")n>i is a se- 
quence of martingales such that NJj^ — )■ in L^, then (iV")^ = supo<t<r|iV"| — )■ 
in L°. Accounting for (4.24) we deduce that, for the compact sets (C„)„>i 
and D as in (C8), 

lim E[ sup sup^(x,?/)] = 0. 

The validity of (C8) for the sample paths of M follows now from 
sup sup(M(x, y))^ < sup E[ sup sup^(x, ?/)|^t], 

x£U/Cr, y&D 0<t<T x&IC^ y&D 

where we used the fact that in (C8) ^ > 0. 

Finally, (C9) follows from (C8) if we observe that a function / = f{x,y) 
satisfies (C9) if and only if for any positive integer n the function 

9n{x, y) = max{f{x, y) + n, 0), (x, y) eU xV, 

satisfies (C8). □ 

The following result links the condition (F6) used in the definition of the 
space with the condition (C9) in Lemma 4.6. 

Lemma 4.7. Let M > 1. A function / G satisfies (F6) (that is, belongs 
to if and only if for any increasing sequence {Cn)n>i of compact sets in 
S^'^ with U„>iCn = and for any compact set D C R"'^"'""' 

(4.25) lim sup sup — — (u;, x, g) = -cx). 
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Proof. The "if" statement is straightforward. Hereafter we shall focus on the 
opposite implication. 

To verify (4.25) we have to show that for / G and any a.„ = {wn, Xn, Qn) G 
S^^ X R X R-', n > 1, converging to {w, x, q) G dS^' x R x R-^ we have 

(4.26) hm ^ ^(a„) = lim /§^(a„), 1 

m=l ^ 

where 1 = (1, . . . , 1). 

Let e > 0. Accounting for the convexity and the positive homogeneity of 
the functions /(■,x„,g„), n > 1, on (0, oo)*^ we deduce 

lim /^(a„),l\ < lim ( ^(w„ + el, x^, gn), 1 

^{w + el,x,q),lj = (^^{w{e),x,q),l 

where w{e) = f±§ belongs to S^^. By (F6), the passage to the limit when 
e ^0 yields (4.26). □ 

After these preparations we are ready to proceed with the proof of The- 
orem 4.3. 

Proof of Theorem 4.3. The inequality (4.14) and the fact that the sample 
paths of F{-,T) belong to have been established in [1], Theorem 4.7, which 
is a single-period version of Theorem 4.3. Lemma 4.5 then implies that the 
stochastic process F defined in (4.8) has its sample paths in D(C^(A), [0, T]) 
and that the equality (4.15) holds. 

To verify that the sample paths of F belong to D(F^, [0, T]) it is sufficient 
to match the properties (F1)-(F4) in the description of F^ with the prop- 
erties (C1)-(C8) in Lemma 4.6. For the most part these correspondences 
are straightforward with the links between (4.11) in (F2) or (4.12) in (F4) 
and their respective versions of (C8) holding due to the equivalence of the 
pointwise and the uniform on compact sets convergences for a sequence of 
convex or saddle functions. 

Note that in order to use (C8) in Lemma 4.6 we still have to verify the 
integrability condition (4.24). The adaption of this integrability condition to 
(4.11) in (F2) has the form: 

E[ inf inf F(w,x,q,T)] > —00 

w&S^l {x,q)£D 
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for any compact set D C R^^"^. This inequahty holds due to (4.14) and 
since the sample paths of F{-,T) are decreasing with respect to v (hence, 
F{w, X, g, T) > F(l, x,q,T),we S^, where 1 = (1, . . . , 1)). 

To perform a similar verification for the convergence (4.12) in (F4) we 
restrict the domain of x to [0, oo). The analog of (4.24) then has the form: 

E[inf inf F{v, x, q,T)] > —oo, 

x>0 {v,q)eD 

for any compact set D C (0, oo)^-'^ x R-^, and follows from (4.14) and the 
monotonicity of F with respect to x. 

Finally, the connection between (C9) and (F6) has been established in 
Lemma 4.7. The adaptation of (4.24) to this case holds trivially as ^ < 
0. □ 

For a two-times continuously differentiable f = f(a) : A — >■ R recall the 
notation A{f) for the matrix defined in (4.13). For the proof of Theorem 4.4 
we have to verify (F8) for the matrices A{Ft), t e [0,T]. 

Towards the end of this (sub)section we shall work under Assumptions 3.1, 
3.2, and 3.4. According to [1], Theorem 4.13, these conditions imply (4.17). 
From Lemma 4.5 we then deduce the existence of a modification for F = 
F{a, t) with sample paths in D(C^(A), [0, T]). In the future we shall use this 
modification. 

Following Section 4.3 in [1], for a G A, define the probability measure 
M(a) with 



the stochastic process 



dF, , ,d'^F 



(4.28) Rt{a) ^ - — {a,t)/-^{a,t), < t < T, 

and the random variable r(a) G L'^(R*'^): 

(4.29) r™(a) ^t„,(7r"^(a)), m = l,...,M, 
where tm = tm{x) is the absolute risk-aversion of Um = Um{x) 
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Lemma 4.8. Under Assumptions 3.1, 3.2, and 3.4, fort G [0,T] and a G A, 
the matrix A{Ft){a) is given by, for /, m = 1, . . . , M, 



1 

^ k=i 
Kt{a) 

where the probability measure M(a), the stochastic process R{a), and the ran- 
dom variable r(a) are defined in (4.27), (4.28), and (4.29), respectively and 
5im = l{/=m} is the Kronecker delta. 
Moreover, for any z G R", 

< l,z,A{Ft){a)z) < c\z\\ 

c 

where the constant c > is given in Assumption 3.2. 

Proof. The proof is, essentially, a word-by-word reproduction of the proofs 
of Lemmas 4.14 and 4.15 from [1] obtained for the case t = 0. All we have 
to do is to replace E[-] and Rq there with E[-|t^J and Rf. □ 

Proof of Theorem 4-4- The inequality (4.17) and the fact that the sample 
paths of F{-,T) belong to F^(c) have been established in [1], Theorem 4.13. 
From Lemma 4.5 we then deduce that F = F{a,t) has sample paths in 
D(C2(A), [0,T]) and that (4.18) holds. The rest of the proof is an easy 
consequence of Lemma 4.6 if we account for the properties of the sample 
paths for F{-,T) and use Lemma 4.8. □ 

4.3 Stochastic process of cash balances 

For ease of notation denote 

B = (-00,0)^^ X (0,oo) X R-^. 

We shall often decompose 6 G B as 6 = {u,y,q), where u G (— oo,0)^, 
y G (0, oo), and q G R'^. In our economy, u will denote the indirect utilities of 
the market makers, y will stand for the marginal utility of the representative 
market maker, and q will define the collective quantities of the contingent 
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claims i/j accumulated by the market makers as a result of trading with the 
large investor. 

In addition to the random field F = F{a, t) of (4.8) studied in the previous 
section an important role in the analysis of investment strategies for the large 
investor is played by the stochastic process 

G = G(b,t) : B X [0,T] ^ L°(R), 

which is conjugate to F = F{a, t) in the sense that, for b = {u, y,q) and 

te [0,T], 

(4.30) G{b,t) = sup inf [{v, u) + xy - F{v,x,q,t)]. 

In Theorem 4.9 we shall show that such a stochastic process is well-defined 
and we shall describe the properties of its sample paths. As pointed out in 
Remark 4.15 below, the random variable G{u, l,q,t) represents the total cash 
amount that the market makers have accumulated up to time t as a result of 
trading with the large investor, given that their indirect utilities are at the 
level u G (— c>o, 0)^ and that they acquired in total q G R"^ of the contingent 
claims ip. 

To describe the sample paths of G = G{b, t) we shall use the spaces of 
saddle functions from [1], Section 3.2. Fix a constant c > 0, used below in 
(G7)-(G9), and for a function 

(4.31) ^ : B ^ R 
define the following conditions: 

(Gl) The function g is continuously differentiable on B. 

(G2) For any {y, q) G (0, oo) x R"^, the function g[-, y, q) is strictly increasing 
and strictly convex on (— oo, O)*"*^. Moreover, 

(a) If {un)n>i is a sequence in (—00,0)^''^ converging to 0, then 

lim g{un,y,q) = 00. 

(b) If (un)n>i is a sequence in (—00, 0)-^ converging to a boundary 
point of (—00, 0)^, then 

lim \ ^{un,y,q) \ = 00. 

n-s-oo OU 
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(c) If M > 1 and (m„)„>i is a sequence in (—00, 0)*^ such that 
hm sup < for all m = 1, . . . , M 



,m 

J L 

n— >oo 



and 

lim = —00 for some mg G {1, . . . , M}, 

n^oo 

then 

lim g{un,y,q) = -00. 

n— >oo 

(G3) For any y G (0, 00), the function g{-, y, ■) is convex on (—00, 0)^''^ x R-^. 

(G4) For any {u,q) G (— oo,0)^^ x R"', the function g{u,-,q) is positively 
homogeneous, that is, 

(4.32) g{u,y,q) = yg{u,l,q), y > 0. 

(G5) The function g is twice continuously different iable on B and, for any 
b = {u,y,q) G B, the matrix B{g){b) = {B^"'{g){b))i^rn=i,...,M given by 

(4.33) B^-igm 4 Jl ib) 



au'- ou"^ 



has full rank. 



(G6) For any {y, q) G (0, 00) x R'^ and any sequence (m„)„,>i in (—00, 0)^ 
converging to a boundary point of (—00, 0)-^ 

lim g{un,y,q) = 00. 
(G7) For any {u, q) G (-00, 0)*^ x R"' and m = 1, . . . , M, 

(G8) For any 6 G B and any z G R^^^, 

-{z,z) < {z,B{g)ib)z)<c{z,z), 
c 

where the matrix B{g){b) is defined in (4.33). 
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(G9) For any {u, q) G {—oo, 0)^ x R"^, the vector z G R*^ solving the hnear 
equation: 

B{g){u, l,q)z = 1, 

satisfies 

-<2™<c, m = l,...,M. 
c 

Following [1], Section 3.2, we define the families of functions 

={g as in (4.31) : (G1)-(G4) hold}, 
G : (G5) holds}. 

We also denote 

G^^{geG^ : (G6) holds}, 

and, for c > 0, 

G2(c) = G G^ : (G6)-(G9) hold for given c}. 

As in the case with the spaces F*, i = 1,2, we shall view G*, i = 1,2, 
as the topological subspaces of the corresponding Frechet spaces C'(B). A 
similar convention will also be used for G^ and G^(c). 

Theorem 4.9. Under Assumptions 3.1 and 3.4 the stochastic process G = 
G{b,t) is well-defined by (4.30) and has sample paths in D(G^, [0,T]). //, in 
addition, Assumption 3.2 holds, then its sample paths belong to D(G^(c), [0, T]) 
with the same constant c > as in Assumption 3.2. 

In view of Theorems 4.3 and 4.4, the proof of Theorem 4.9 is reduced 
to the study of the conjugacy relations between the spaces F (standing for 
F\ F\ F^, and F^(c)) and G (standing, respectively, for G\ G\ G^, and 
G^(c)). Many of these relations have been already established in [1], Sec- 
tion 3, and will be recalled below. For the proof of the RCLL structure of 
the sample paths of G we shall also require the continuity property of the 
conjugacy operator (4.34) below, mapping F onto G, with respect to or 

topologies. This will be accomplished in Theorem 4.11. 

For convenience of future references we begin by recalling some basic 
results from [1], Section 3, concerning the conjugacy relations between the 
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spaces F and G. We have that a function / is in F if and only if there exists 
(? G G such that, for any b = {u, y, q) G B, 

(4.34) 9ip) = sup inf [(w, m) + — /(f , X, g)]. 

i;G(o,oo)*-f ^eR- 

The minimax value in (4.34) is attained at the unique saddle point (f , x) 
and, for q G R"^, the following relationships between a = {v, x, g) G A and 
b = (n, g) G B are equivalent: 

1. Given {u,y), the minimax value in (4.34) is attained at {v,x). 

2. We have x = |(6) = giu, 1, q) and v = ^{b). 

3. We have y = |f (a) and u = |f (a). 
Moreover, in this case, /(a) = {u,v) and g{b) = xy, 

the matrices A{f){a) and B{g){b), defined in (4.13) and (4.33), are inverse 
to each other: 

(4.35) B{gm = {A{f){a))-\ 

and the following matrices of second derivatives for / and g involving the 
differentiation with respect to q: 



(4.36) C-\f)ia) 4 ^ 



d^f 1 d^f 



(4.37) D''{f){a) ^ u ^Q-Q- + Wd^d^^ 



and 



1 d^g 1 d^g 



(4.38) E-H.m 4 = 
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where m = 1, . . . , M and i^j = 1, . . . , J, are related by 



(4.40) E{gm = ~{A{f){a)r'C{f){a), 

(4.41) H{9){b) = {C{f){a)nA{f){a)r'C{f){a) + D{f){a). 

In (4.38) and (4.39) we used the positive homogeneity property (4.32) of g 
with respect to y. Recall that for a matrix B the notations and B~^ 
stand for its transpose and inverse, respectively. 

Remark 4.10. The choice of the specific form for the matrices A{f){a), 
C{f){a), and D{f){a) and B{g){b), E{g){b), and H{g){h) was motivated by 
the fact that they remain invariant under the transformations: (w,x, g) i— )■ 
(cw,x, g) and {u,y,q) H- {u,cy,q), c > 0, a natural requirement in light of 
the positive homogeneity conditions (4.10) and (4.32). 

We remind the reader that, for i = 1,2, the convergences in the spaces 
F* and G* are equivalent to the convergences in the corresponding Frechet 
spaces C*(A) and C*(B) defined in Section 2. 

Theorem 4.11. Let (/„)«>! (^nd f belong to and {gn)n>i O'nd g be their 
conjugate counterparts from . Then (/„)«>! converges to f in F^ if and 
only if ((7„,)„>i converges to g in . 

Proof. Recall that for convex or saddle functions the convergence in is 
equivalent to the pointwise convergence. We also remind the reader that 
the conjugacy operations, as in (4.34), are, in general, not continuous un- 
der this convergence and, hence, the result does not hold automatically. A 
standard verification method in this case is to show the equivalence of the 
pointwise convergence and the ej»z-convergence (or its analogs such as epi- 
hypo-conveigence) , under which the conjugacy operations are continuous; see 
Rockafellar and Wets [6], Theorem 11.34. We find it simpler to give a direct 
argument. 

Assume first that (/„)„>i converges to / in F^ (equivalently, in C^(A)). 
By the positive homogeneity condition (G4) and because they are saddle 
functions, it is sufficient to verify the pointwise convergence for {gn)n>i at 
b = {u,y,q) G B with y = I. Fix e > and find Ui G (-oo,0)^, i = 1,2, 
such that ui < u < U2 and 

(4.42) \g{b2) - g{bi)\ < e, 
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where bi = (w^, 1, q). Denote, for i = 1, 2, 



A ^9 

ai = {vi,xuq) = { — {bi),g{bi),q), 



and, for n > 1, 



A dfn 

bi,n = {Ui,n, 1, q) = {-g^itti), 1, q). 

The conjugacy relations between and gn and between / and g imply 
that gn{bi,n) = Xi and Ui = %{ai). From the C^-convergence of (/„)„>! to / 
we deduce 

lim Ui^n = lim ^(oj) = T^(ai) = Mi, i = 1,2, 

n— >-oo n->-oo C'l; 

and, hence, there is no > 1 such that ui^n < u < U2,n for n > no- Accounting 
for the monotonicity of the elements of with respect to u we obtain 

9{bi) < g{b) < g{b2), 

g{bl) = gn{bl,n) < gn{b) < gn{b2,n) = ^'(^2), TL > Uq, 

and then (4.42) yields 

\9nib) - g{b)\ < e, n > uq, 

thus proving the pointwise, hence, also the G^, convergence of {gn)n>i to g. 

Assume now that {gn)n>i converges to g in G^ (equivalently, in C^(B)). 
We follow the same path as in the proof of the previous implication. Fix 

e > 0, take a = {v,x,q) G A and let = {vi,Xi,q) G A, i = 1,2, be such 
that Vi > V > V2, Xi < X < X2, and 

(4.43) \f(a2)-f{a,)\<e. 

Denote, for i = 1, 2, 



and, for n > 1, 



bi = {Ui,y^,q) = 



ai,n = {vi,n, Xi^n, q) = (k) , (k) , q) . 

ou oy 
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From the conjugacy relations between /„ and gn and between / and g we 
deduce that /„(ai,„) = (Mi,Wi,„), /(a^) = {ui,Vi), and = {^{bi), ^{k), q). 
As the C ^-convergence of {gn)n>i to g imphes the convergence of (aj,n)n>i to 
Oj, there is no > 1 such that, for n > Uq, Vi^n > v > V2,n, Xi^n < x < X2^n, and 
I {ui, Vi^n) — {ui, Vi) I < e. Accounting for the monotonicity of the elements of 

with respect to v and x, we deduce 



/(ai) - e < /n(ai,n) < fn{a) < /„(a2,„) < /(a2) + e, n> uq, 
and, then, (4.43) implies 



Theorem 4.12. Let {fn)n>i o>nd f belong to F^ and {gn)n>i o-nd g be their 
conjugate counterparts from G^. Then {fn)n>i converges to f in F^ if and 
only if {gn)n>i converges to g m G^. 

For the proof we need the following elementary 

Lemma 4.13. Let / G F^. Then, for any a = {v, x, q) G A, 



where the matrix C{f) is defined in (4.36). 

Proof. From the positive homogeneity property (4.10) for / we deduce 



/(ai) < /(a) < /(aa). 



\fn{a) - f{a)\ <2e, n > uq, 
proving the pointwise (hence, also F^) convergence of (/n)n>i to /. 



□ 



(4.44) 





m=l 



which, in turn, implies 




m=l 




yielding (4.44). 



□ 
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Proof of Theorem 4-12. In view of Theorem 4.11, we only have to estabhsh 
the uniform on compact sets convergences of second derivatives. Recall the 
notations A{f), C{f), and D{f), for the matrices defined in (4.13), (4.36) 
and (4.37), and B{g), E{g), and F{g), for the matrices defined in (4.33), 
(4.38), and (4.39). 

Assume first that (/n)n>i converges to / in or, equivalently, in C^(A). 
Let {bn)n>i be a sequence in B that converges to 6 G B. By Theorem 4.11, the 
sequence a, ^ (^(^n), ^(^0, Qn), n > 1, converges to a ^ (||(6), |(6), q). 
The convergence of (/n)n>i to / in then implies the convergence of the 
matrices ((A(/„), C(/„), D(F„))(aO)n>i, to (A(/), C(/), D(/))(a). By the 
identities (4.35), (4.40), and (4.41), this implies the convergence of the ma- 
trices {{B , E , F){gn){bn))n>i, to {B, E, F){g){b), which, by the construction 
of these matrices, yields the convergence of all second derivatives of gn at 
bn, n > 1, to the corresponding second derivatives of g at b. This, clearly, 
implies the uniform on compact sets convergence of the second derivatives of 

ign)n>l to g. 

Similar arguments show that the G^- convergence of {gn)n>i to g im- 
plies that for any sequence (a„)„>i in A converging to a G A the matrices 
((A(/„),C(/„),D(F„))(a„))n>i converge to (A(/), C(/), D(/))(a). This, in 
turn, implies the convergence of the second derivatives of /„ at a„, > 1, to 
the second derivatives of / at a if we account for the identity (4.44) for the 
matrix C{f) and the following equalities for the matrix A{f), see Lemma 3.1 
in [1]: 

m=l 
M 

l,m=l 

□ 

After these preparations we are ready to prove Theorem 4.9. 

Proof of Theorem 4-9. The fact that for every t G [0, T] the sample paths of 
the random field G(-,t) : B L°(R,^t) belong to is a corollary of the 
aforementioned conjugate relations between the spaces G^ and F^ and the 
properties of the sample paths for the random field F{-,t) : A ^ L°(R, ^t) 



d'f 



^ dv'-dx' 

OX'' 



1 = 1, 



..,M, 



91 
dx 



dx'' 
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established in Theorem 4.3. The RCLL properties of the sample paths of the 
stochastic process G : [0,T] — )> L°(G^) follow from the RCLL properties of 
the stochastic process F : [0, T] — j- L'^(F^) and Theorem 4.11. 

The assertions regarding the sample paths of G under Assumption 3.2 
are similar consequences of the conjugate relations between the spaces G^(c) 
and F^(c) and Theorems 4.4 and 4.12. □ 

To facilitate future references we conclude the section with the following 
direct corollary of Theorem 4.9 and the aforementioned conjugacy relations 
between and G^. 

Corollary 4.14. Let Assumptions 3.1 and 3.4 hold, w G S^^, x G R, g G R"^, 
and u G (— 00,0)*"^. Denote a = {w,x,q) and b = {u,l,q). Then, for any 
t G [0,T] we have the identities: 



w 



^f(f(a,t),l,g,t) 

Sm=l d^^'dU^^' ^' ^) 

dF 

X = G{ — {a,t), l,q,t), 




-,G{b,t),q,t 

, h t ] 

jm=l du"^ 

Remark 4.15. Recall that, according to (4.16), -^^{a,t) represents the in- 
direct or expected utility of market maker m at time t given the Pareto 
allocation 7r(a). Hence, by the second identity in Corollary 4.14, the random 
variable G{u, l,q,t) defines the collective cash amount of the market makers 
at time t when their current indirect utilities are given by u and they jointly 
own q stocks. 



5 Continuous-time strategies 

We proceed now with the main topic of the paper, which is the construction 
of trading strategies with general continuous-time dynamics. Recall that the 
key economic assumption of our model is that the agent can rebalance his 
portfolio without changing the expected utilities of the market makers. 
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5.1 Simple strategies revisited 

To facilitate the transition from the discrete evolution in Section 3.2 to the 
continuous dynamics below we begin by revisiting the case of a simple strat- 
egy 

N 

(5.1) = E^"l(--.-lW' ^<t<T, 

n=l 

with stopping times = tq < . . . < tn = T and random variables 6n G 
LO(^.„_,,R-^),n = l,...,iV. 

The following result is an improvement over Theorem 3.7 in the sense 
that the forward induction for cash balances and Pareto optimal allocations 
is now made explicit through the use of the parameterization vr = 7r(a) of 
Pareto allocations from (4.2) and the stochastic processes F = F{a, t) and 
G = G{b,t) defined in (4.8) and (4.30). 

Denote by Aq G S^^ the weight of the initial Pareto allocation aQ. This 
weight is uniquely determined by Theorem 4.1. 

Theorem 5.1. Let Assumptions 3.1 and 3.4 hold and consider a simple 
strategy Q given by (5.1). Then the sequence of conditionally Pareto optimal 
allocations {an)n=o,...,N constructed in Theorem 3.7 takes the form 

(5.2) a„ = 7r(C„), n = 0,...,N, 

where Co — (Ao,0,0) and the random vectors Cn — i^n,^n,On) G L°(S^ x 
R X R"^, t^T-„_i); n = orc uniqucly determined by the recurrence 

relations: 

(5.3) A„ - ^ 



'^'^(ff (Cn-l, Tn-l), 1, On, r„_i) 



OF 

(5.4) = G{ — {Cn~l, Tn^l), 1, dn, r„„i). 

Proof. The recurrence relations (5.3) and (5.4) clearly determine A„ and ^n, 
n = 1,...,N, uniquely. In view of the identity (4.16), for conditionally 
Pareto optimal allocations {an)n=o,...,N defined by (5.2) the indifference con- 
dition (3.11) can be expressed as 

dF dF 

(5.5) — (Cn,r„,-i) = — (C„-i,r„_i), n = l,...,N, 
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which, by Corollary 4.14 and the fact that A„ has values in S^, is, in turn, 
equivalent to (5.3) and (5.4). □ 

In the setting of Theorem 5.1, let A = {W,X,Q) where 

N 

(5.6) Wt = Aol[o](t) + 

n=l 

N 

(5.7) X, = ^enlK_„.„](t). 

n=l 

Then A is a simple predictable process with values in A: 

N 

(5.8) A = Col[o](t) + $^CnlK_„.„](t), 0<t<T, 

n=l 

with (n belonging to Li^{^r„-i, A) and defined in Theorem 5.1. It was shown 
in the proof of this theorem that the main condition (3.11) of the preservation 
of expected utilities is equivalent to (5.5). Observe now that (5.5) can also 
be expressed as 

dF dF /■* dF 

(5.9) —(At,t) = —{Ao,0) + J^—{A,ds), 0<t<T, 

where, for a simple process A as in (5.8), 

" 71=1 ^ ^ 

denotes its nonlinear stochastic integral against the random field Note 
that, contrary to (3.11) and (5.5), the condition (5.9) also makes sense for 
predictable processes A which are not necessarily simple, provided that the 
nonlinear stochastic integral / ^{As,ds) is well-defined. This will be a key 
for extending our model to general predictable strategies in the next section. 

5.2 Extension to general predictable strategies 

For a general predictable process A, the construction of / ^{A^, ds) requires 
additional conditions on the stochastic field ^ = ^{a,t); see, for example. 
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Sznitman [7] and Kunita [4], Section 3.2. We choose to rely on [4], where the 
corresponding theory of stochastic integration is developed for continuous 
semimartingales. To simplify notations we shall work in a finite-dimensional 
Brownian setting. We assume that, for any a G A, the martingale F{a,-) of 
(4.8) admits an integral representation of the form 

(5.10) F{a,t) = F{a,0) + [ Hs{a)dBs, 0<t<T, 

Jo 

where S is a (i- dimensional Brownian motion and H(a) is a predictable pro- 
cess with values in R'^. Of course, the integral representation (5.10) holds 
automatically if the filtration F is generated hy B. To use the construction of 
the stochastic integral / ^{Ag, ds) from [4] we have to impose an additional 
regularity condition on the integrand H with respect to the parameter a. 

Assumption 5.2. There exists a predictable process H = (-ffj)o<i<T with 
values in C^(A, R'^) such that the integral representation (5.10) holds for any 
a G A and, for any compact set C C A, 

/ WHtWlcdt < oo. 
Jo 

For convenience of future references, recall the following elementary fact: 

Lemma 5.3. Let m be a non-negative integer, U be an open set in R", and 
^ : f/ — 7- L°(R) be a stochastic field with sample paths in C™ = C"'(t/) such 
that for any compact set C <ZU 

(5.11) E[||e|U,d < oo. 

Assume that there are a Brownian motion B with values in R*^ and a pre- 
dictable process H = (i/t)o<t<T with values in C"^{U, IV^) such that, forx G U 
andte [0,T], 

Mt{x) ^ n^{x)\^t] = M(x, 0) + /" Hs{x)dBs, 

Jo 

and, for any compact set C G U, 

(5.12) / \\Ht\\l cdt< oo. 

Jo 
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Then, for t G [0,T], x & U , and a multi-index a = (ai, . . . , a„) with \a\ < m, 

d'^Mtix) = d^Mo{x) + [ d^Hs{x)dBs, 

Jo 

where d"" is the differential operator with respect to x given by (2.2). 

Proof. We shall use a modification of M with sample paths in D(C™(?7), [0, T]) 
which exists by Lemma 4.5. 

It is sufficient to consider the case m = 1 and a = (1, 0, . . . , 0). Denote 
ei^(l,0,...,0)GR". By (5.11), 



limE 

e-!>0 



-|e(x + eei)-e(x)-e|^(x)| 
e oxi 







and then, by Doob's inequality. 



\im- ( M(x + eci) - M(x) - e^(x) ] = 0. 
e^o e \ dxi ' 



T 



Observe also that by (5.12) 

lim / \-(H(x + eei) - Hix) - e—{x))\^dt = 0. 
£^oJo e dxi 

The result now follows from the well-known fact that for a sequence of con- 
tinuous local martingales (A^"')n>i 

(A^^)^ ^0 if and only if iVg" ^ and (iV")T -^0, n ^ oo, 

where, for a continuous local martingale A^, (A^) denotes its quadratic vari- 
ation. □ 

To simplify references we also state an immediate corollary of Theo- 
rems 4.3, 4.4, 4.11, and 4.12 and Assumption 5.2. 

Corollary 5.4. Under Assumptions 3.1, 3.4, and 5.2, F = F{a,t) has sam- 
ple paths in C(F-'^, [0,T]) and G = G{b,t) has sample paths in C(G^, [0,T]). 
//, in addition. Assumption 3.2 holds, then F = F{a,t) has sample paths in 
C(F^{c), [0,T]) and G = G{b,t) has sample paths m C(G2(c), [0,T]) for the 
same constant c> as in Assumption 3.2. 
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Hereafter we shall work under Assumptions 3.1, 3.4, and 5.2. In this case, 
by Theorem 4.3 and Lemma 5.3, 



dF 
dv 



{a,t) 



dF 

dv 



(a,0) + 



Following Section 3.2 in [4], we say that a predictable process A with values 
in A is integrable with respect to the kernel ^{-^dt) or, equivalently, that 
the stochastic integral J ^{As^ds) is well-defined if 



We are now in a position to give a definition of a general trading strategy. 

Definition 5.5. A predictable process Q with values in R"^ is called a 
strategy if there are unique (in the sense of indistinguishability) predictable 
processes W and X with values in S*'^ and R, respectively, such that, for 
A = {W, X, Q), the initial Pareto allocation is given by 



the stochastic integral / ^{As,ds) is well-defined and (5.9) holds. 

Remark 5.6. From now on, the term "strategy" will always be used in the 
sense of Definition 5.5. Note that, at this point, it is still an open question 
whether a simple predictable process Q is a (valid) strategy, as in Theorem 5.1 
the uniqueness of W and X, such that A = {W, X, Q) solves (5.9), was proved 
only in the class of simple processes. The affirmative answer to this question 
will be given in Theorem 5.18 below, where, in addition to the standing 
Assumptions 3.1, 3.4, and 5.2, we shall also require Assumptions 3.2 and 5.14. 

The predictable processes W and X in Definition 5.5 will be called the 
Pareto weights and cash balance processes for the strategy Q. We remind the 
reader, that the bookkeeping in our model is done from the collective point 
of view of the market makers, see Remark 3.6. In other words, for a strategy 




In this case, we set 




< t < T. 



(5.13) 



ao = vr(Ao), 
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Q, the number of shares and the amount of cash owned by the large investor 
at time t are given by —Qt and —Xf. 
Accounting for (4.16) we call 

OF 

(5.14) Ut = ^iA,t), 0<t<T, 

ov 

the process of indirect utilities for the market makers. Observe that, as f/ < 
and f/ — f/o is a stochastic integral with respect to a Brownian motion, U 
is a local martingale and a (global) submartingale. From Corollary 4.14 we 
obtain the following expressions for W and X in terms of U and Q: 

(5.15) Wt- 



Z]m=l d^i^t, l,<5t,t) 

(5.16) Xt = G'([/t,l,Qt,t), 0<t<T. 
We also call 

dF 

(5.17) ^ -GiUt, 1, 0, t) = -Gi—{A, t), 1, 0, t), < t < T, 

the cumulative gain process for the large trader. This term is justified as, 
by (5.16), Vt represents the cash amount the agent will hold at t if he liqui- 
dates his position in stocks. Of course, at maturity 

Vt = -{Xt + {Qt,^)). 

It is interesting to observe that, contrary to the standard, small agent, 
model of mathematical finance no further "admissibility" conditions on a 
strategy Q are needed to exclude an arbitrage. 

Lemma 5.7. Let Assumptions 3.1, 3.4, and 5.2 hold and Q he a strategy 
such that the terminal gain of the large trader is nonnegative: Vr > 0. Then, 
in fact, Vt = . 

Proof. Recall the notations Aq G S^^ for the weights and Sq G L°(R^^) for 
the total endowment of the initial Pareto allocation and r = r{v,x) for 
the utility function of the representative market maker from (4.1). Denote by 
ai the terminal wealth distribution between the market makers at maturity 
resulting from the strategy Q. From the characterization of Pareto allocations 
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in Theorem 4.1 and the submartingale property of the process U of indirect 
utihties we obtain 

m 

E[r(Ao, So)] = E[J2 K^miO] = (Ao, Uo) < E[(Ao, Ut)] 

m=l 
m 

= E[J2 K^miO] < E[r(Ao, So - Vt)]. 

m=l 

Since r(Ao, ■) is a strictly increasing function, the result follows. □ 

We state now a key result of the paper where we reduce the question 
whether a predictable process Q is a strategy to the unique solvability of a 
stochastic differential equation parameterized by Q. 

Theorem 5.8. Under Assumptions 3.1, 3.4, and 5.2, a predictable process 
Q with values in R*^ is a strategy if and only if the stochastic differential 
equation 

(5.18) Ut = Uo+ [ Ks{Us,Qs)dBs, 



has a unique strong solution U with values in (— oo, 0)^'^ on [0,T], where 

[/o™^EK(an], m = l,...,M, 
and, for u G (-oo, 0)*^ q^Bj ,t^ [0, T\, 

(5.19) K,{u, q) 4 ^(^K 1, t). G(n, 1, g, t), g). 

In this case, U is the process of indirect utilities, and the processes of Pareto 
weights W and cash balance X are given by (5.15) and (5.16). 

Proof. The result follows directly from the definition of a strategy and Corol- 
lary 4.14, if we observe that, by the positive homogeneity property (4.10) of 
the elements of F^, for any {v, x,q) E A, c > 0, and t G [0, T], 

dHt, , dHt 

-^{cv,x,q) = ^{v,x,q), 

and, hence, the process K from (5.19) can also be written as 

r.f ^ dm ( f(n,l,g,t) 

= ^ , . -,G(M,l,g,t),g 



dv \ V*^ 1 a t) 



□ 



45 



In the follow-up paper [2] we provide sufficient conditions for a locally 
bounded predictable process Q with values in R"^ to be a strategy, or, equiv- 
alently, for (5.18) to have a unique strong solution, in terms of the "original" 
inputs to the model: the utility functions {um)m=i,...,Mi the initial endow- 
ment So, and the contingent claims ip. In particular, these conditions will 
also imply Assumptions 5.2 and 5.14 on H = Ht{a). 

As an illustration, we give an example where (5.18) is a linear equation, 
and, hence, can be solved explicitly. 

Example 5.9 (Bachelier model with price impact). Consider an economy 
with a single market maker and one stock. The market maker's utility func- 
tion is exponential: 

u{x) = e""^"", X G R, 

7 

where the constant 7 > is the absolute risk- aversion coefficient. The initial 
endowment of the market maker and the payoff of the stock are given by 

a 

Eo = ao = H Bt, 

70" 

ip = s + fiT + (tBt, 

where the constants b, fi,s G R and cr > 0. Note that the initial Pareto 
pricing measure Q = Qo and the stock price S, see (3.16) and (3.15), have 
the expressions: 

—— = const n (Lo) = e " 2^ , 
St = EqJV^I^^] = s + fxt + aBt, t G [0, T], 

and coincide with the martingale measure and the stock price in the classical 
Bachelier model for a "small" investor. 

Direct computations show that, for a = (f,x,g) G A, 

F{a,t)=ve~^^Nt{q), 

where the martingale N{q) evolves as 

(5.20) dNtiq) = -(^ + -faq)Nt{q)dBt. 



46 



For the integrand H = Ht{a) in (5.10) and the stochastic process G = G{b, t) 
we obtain 



^(a) = -(^ + 7ag)e-^-iV,(g), 
ov a 

u = e-^^("'^''?'*)Art(g), u G (-00, 0), 

where the second equahty follows from the last identity in Corollary 4.14. 
The process K = Kt{u, q) in (5.19) is then given by 



Kt{u,q) 



a 



+ 'jaq)u, nG(— 00,0). 



From Theorem 5.8 we obtain that a predictable process Q is a strategy if 
and only if 

Qldt < 00, 

and that, in this case, the indirect utility process U for the market maker 
evolves as 



(5.21) 



dUt = -{- + iaQt)UtdBt. 
a 



Observe now that, by (5.17), the cumulative gain Vt of the large trader 
satisfies 

Ut = e^'''Nt{Q). 
From (5.20) and (5.21) and the fact that Vq = we deduce 



V, 



L 

t 



-Qr){jJ,dr + adB. 

2 



1^ 02 



Qtdr 



Qldr 



Recall that —Q denotes the number of shares owned by the large investor 
and then observe that the first, linear with respect to Q, term yields the 
wealth evolution in the classical Bachelier model. The second, quadratic, 
term thus describes the feedback effect of the large trader's actions on stock 
prices, with the risk-aversion coefficient 7 > playing the role of a price 
impact coefficient. 
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5.3 Maximal local strategies 



For a stochastic process X and a stopping time a with values in [0,T] recall 
the notation X" = {Xt/s,a)o<t<T for X "stopped" at cr. The following simple 
localization fact for strategies will be used later on several occasions. 

Lemma 5.10. Let Assumptions 3.1, 3.4, and 5.2 hold, a he a stopping time 
with values in [0,T], Q he a strategy, and W , X, V , and U he its processes 
of Pareto weights, cash halance, cumulative gain, and indirect utilities. Then 
Q" is also a strategy and and X" are its processes of Pareto weights 
and cash halance. The processes of cumulative gain, V{Q"), and of indirect 
utilities, UiQ"), for the strategy Q" coincide with V and U on [0,cr], while 
on (cr, T] they are given hy 

U{Qnt = ^{W„,X^,Q,,t), 
V{Qnt = -G{U{Qnt,l,0,t). 

Proof. Follows directly from Definition 5.5 and the construction of U and V 
in (5.14) and (5.17). □ 

Let r be a stopping time with values in (0,T] U {oo} and U he a. pro- 
cess with values in (— oo,0)^ defined on [0,r) fl [0,T]. Recall that, for the 
equation (5.18), r and U are called the explosion time and the maximal local 
solution if for any stopping time cr with values in [0, r) fl [0, T] the process 
f/°" is the unique solution to (5.18) on [0,cr] and 

(5.22) limsup|log(— t/t)| = oo on {r < oo}. 

ttr 

Observe that, for m = 1, . . . , M, the submartingale property of U"^ < 
insures the existence of the limit: limj-i^T- and prevents it from being — oo. 
Hence, (5.22) is equivalent to 

lim max UI^ = on |r < oo}. 

t|r m=l,...,M ^ 

For convenience of future references we introduce a similar localized con- 
cept for strategies. 

Definition 5.11. A predictable process Q with values in R"' is called a 
maximal local strategy if there are a stopping time r with values in (0, T] U 
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{oo} and processes V, W, and X on [0, r) fl [0, T] with values in R, S^"^, and 
R, respectively, such that 

(5.23) lim Vi = — oo on {r < oo} 

and for any stopping time a with values in [0,r) fl [0,T] the process is 
a strategy with Pareto weights W"^ and cash balance X'^ whose cumulative 
gain equals V on [0,a]. 

Similar to the "global" case we shall call V, W, and X from Defini- 
tion 5.11 the processes of cumulative gain, Pareto weights, and cash balance, 
respectively; the process U of indirect utilities is defined on [0, r) fl [0,T] as 
in (5.14). In view of (5.23), we shall call r the explosion time for V. Note 
that, by Lemma 5.10, the class of maximal local strategies contains the class 
of (global) strategies. 

Theorem 5.12. Let Assumptions 3.1, 3.4, and 5.2 hold and r be a stopping 
time with values in (0, T]U{oo}. A predictable process Q with values in R"^ is 
a maximal local strategy and r is the explosion time for its cumulative gain 
process if and only if the stochastic differential equation (5.18) admits the 
unique maximal local solution U with the explosion time r. 

//, in addition, Q is locally bounded, then r is also the explosion time for 
its cash balance process: 

\imXt = oo on {t < oo}. 

For the proof we need a uniform version of (G6) for the elements of G^. 

Lemma 5.13. Let {gn)n>i converge to g in G^. Then, for any compact set 
C C R"^ and any sequence (u„)„>i in (— oo, 0)^''^ converging to a boundary 
point of (— oo, 0)^''^ we have 

lim inf gn{un, l,g) = oo. 

Proof. Since the elements of are concave with respect to g, it is sufficient 
to consider the case when C is a singleton. Moreover, as the elements of G^ 
are increasing with respect to m, we can assume that the sequence {un)n>i is 
increasing. In this case, for q G R'^, 

lim inf 5'„(m„, 1, q) > lim lim inf gn{uk, 1, q) = lim g{uk, 1, q) = oo, 

n—>-oo fc— >-oo n— i>oo fc— i>oo 

where the last equality follows from (G6). □ 



49 



Proof of Theorem 5.12. By Corollary 5.4, G = G{b,t) has its sample paths 
in C(G^,[0,T]). The result now follows directly from Theorem 5.8 and 
Lemma 5.13. □ 

To establish the existence of a maximal local strategy or, equivalently, 
the existence and uniqueness of a maximal local solution to (5.18) we shall 
also require Assumption 3.2 and a stronger version of Assumption 5.2. 

Assumption 5.14. The predictable process H from Assumption 5.2 has 
values in C^(A, R'^) and, for any compact set C C A, 

\\Ht\\lcdt < oo. 

The role of these additional assumptions is to guarantee the local Lips- 
chitz property with respect to u for the stochastic process K in (5.19). 

Lemma 5.15. Under Assumptions 3.1, 3.2, 3.4, 5.2, and 5.14 the predictable 
process K defined in (5.19) has values in C^((— oo, 0)^'^ x R'', R^''^^'^) and, 
for any compact set C C {—oo, 0)*''^ x R"^, 



f \\Kt\\\cdt < oo. 
Jo 



Proof. Follows from Assumption 5.14 and the fact, that, by Corollary 5.4, the 
process G = G{b,t) has sample paths in C{G\c), [0,T]) C C{C\B), [0,T]). 

□ 

Theorem 5.16. Let Assumptions 3.1, 3.2, 3.4, 5.2, and 5.14 hold and Q 
be a predictable process with values in R"^ such that, for any compact set 
G C (-00,0)^^ 

(5.24) / \\Kt{;Qt)\\lcdt <oo. 

Jo 

Then Q is a maximal local strategy. 

Proof. It is well-known, see, for example. Theorem 3.4.5 in [4], that (5.24) 
implies the existence of a unique maximal local solution to (5.18). The result 
now follows from Theorem 5.12. □ 
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Theorem 5.17. Under Assumptions 3.1, 3.2, 3.4, 5.2, and 5.14 any locally 
bounded predictable process Q is a maximal local strategy. 



Proof. Follows from Theorem 5.16 if we observe that, by Lemma 5.15, a 



The preceding result allows us to finally reconcile Definition 5.5 with the 
construction of simple strategies in Theorems 3.7 and 5.1 since it resolves the 
uniqueness issue raised in Remark 5.6. 

Theorem 5.18. Under Assumptions 3.1, 3.2, 3.4, 5.2, and 5.14 any simple 
predictable process Q with values in R"^ is a strategy and its processes of 
Pareto weights W and cash balance X are simple and given by (5.6) -(5.7) 
and (5.3)-(5.4). 

Proof. The fact, that, for W and X given by (5.6)-(5.7) and (5.3)-(5.4), 
the process A = {W,X,Q) satisfies (5.13) and (5.9) has been already estab- 
lished in our discussion following Theorem 5.1. The uniqueness follows from 
Theorem 5.17. □ 

6 Approximation by simple strategies 

In this final section we provide a justification for the construction of the 
general strategies in Definition 5.5 by discussing approximations based on 
simple strategies. To simplify the presentation we restrict ourselves to the 
case of locally bounded processes. 

For measurable stochastic processes, in addition to the ucp convergence, 
we also consider the convergence in L°((iP x dt) defined by the metric 



We call a sequence of stochastic processes (X"')„>i uniformly locally bounded 
from above if there is an increasing sequence of stopping times ((Jn)n>i such 
that P[(T„ < T] — 0, n — oo and < n on [0, (T„] for /c > 1. The sequence 
(X")„>i is called uniformly locally bounded if the sequence of its absolute 
values (|X"|)„>i is uniformly locally bounded from above. 
We begin with a general convergence result: 



locally bounded Q satisfies (5.24). 



□ 
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Theorem 6.1. Let Assumptions 3.1, 3.2, 3.4, 5.2, and 5.14 hold and con- 
sider a sequence of strategies (Q")n>i which is uniformly locally bounded and 
converges to a strategy Q in L°((iP x dt). 

Then the processes ([/", V"')n>i, of indirect utilities and cumulative gains, 
converge to {U,V) in ucp, the processes {W"',X"')n>i, of Pareto weights and 
cash balance, converge to {W,X) in L°((iP x dt), and the sequence (X"')„>i 
is uniformly locally bounded. If, in addition, the sequence {Q'^)n>i converges 
to Q in ucp, then the sequence {W^ , X'^)n>i also converges to {W,X) in ucp. 

Proof. By standard localization arguments, we can assume the existence of 
constants a > and 6 > such that 

max(|ln(-t/)|,|Q|,sup|Q"|) < a, 

n>l 

and, in view of Lemma 5.15, such that 

(6.1) f\\Ks{-)\\lcia)ds<h, 

Jo 

where 

C{a) = {{u,q) e (-00,0)^^ x R-^ : max(|ln(-M)|, |g|) < 2a}. 

Define the stopping times 

(T„ = inf{t G [0,T] : |ln(-t/,")| > 2a}, n > 1, 

where we follow the convention that inf = oo. Observe that the ucp 
convergence of (f/")„>i to U holds if 

(6.2) n->oo. 

To prove (6.2), note first that for any two stopping times < r* < r* < (T„ 



52 



we have using Doob's inequality 



E[ sup \Ut-U, 

T*<t<T* 



n|2l 



<E[2|?7,. -f/;j2 + 2 sup 1/ {K,{Us.Qs)-K,{U:,Q:))dBs\''] 

< 2^Ur^ - Ul p + 8E[ I \Ks{Us, Qs) - Ks{U:, Q:)\^ds] 

< 2E|[/., - Ul |2 + 8E[ f \\K,{.)\\lcia){\Us - f/rr + \Qs - Q:?)ds\ 
<2K\Ur,-Ul\^ + ^nf \\Ks{-)\\lcia)ds sup \U,-U^\^] 

+ 8E[r \\K,{.)\\lcia)\Qs-Q:?ds]. 

•J Tf 

Rearranging terms we thus obtain 

f \\Ks{-)\\lci^a)ds) sup \Ut-Un^] 
(6.3) J'--^* 

< 2E\U^, - f/;j2 + 8E[ r \\Ksi-)\\lcia)\Qs - Q':\'ds]. 

Now choose tq = and, for i = 1, 2, . . ., let 

r, 4 inf{t > r,_i : sj' \\K,{.)\\lc(a)ds > \} AT. 

Note that because of (6.1) we have Ti = T for i > io, where io is the smallest 
integer greater than 166. Hence, to establish (6.2), it suffices to prove 

E[ sup If/^ - f/"p] 0, n 00 for z = 1, . . . , iq. 

For i = 1 this follows from estimate (6.3) with = tq = and r* = TiA a"" 
because Uq = Uq and because of our assumption on the sequence {Q'^)n>i- 
For z = 2, 3, . . . this convergence holds by induction, since with = r^^i A a"' 
and T* = Ti A the first term on the right hand side of (6.3) vanishes for 
n — 00 because of the validity of our claim for i — 1 and the second term 
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disappears again by assumption on (Q")n>i- This finishes the proof of the 
ucp convergence of (f/")„>i to U. 

The rest of the assertions follows from the representations (5.15), (5.16), 
and (5.17) for Pareto weights, cash balances, and cumulative gains in terms 
of the stochastic field G = G{b,t) and the fact that, by Corollary 5.4, G has 
sample paths in C(Ci(B), [0,T]). □ 

Theorem 6.2. Under Assumptions 3.1, 3.2, 3.4, 5.2, and 5.14, a predictable 
locally bounded process Q with values in R"^ is a strategy if and only if there is 
a sequence ((5")n>i of simple strategies, which is uniformly locally bounded, 
converges to Q in L°((iP x dt), and for which the sequence of associated cash 
balances (X")„>i is uniformly locally bounded from above. 

Lemma 6.3. Under Assumptions 3.1, 3.2, 3.4, 5.2, and 5.14, for any strat- 
egy Q and any t G [0, T] 

f -iog((-f/r) V 1) + ciog((-f/r) A 1) j 

m=l ^ ^ 

(6.4) <G(-l,l,gt,t)-Xi 

fx \ 

< f -iog((-f/r) A 1) + ciog((-[/r) V 1) j , 

m=l ^ ^ 

where c> is taken from Assumption 3.2 and X and U are the processes of 
cash balance and indirect utilities for Q. 

Proof. Recall that, by Corollary 5.4, G = G{b, t) has trajectories in C(G^(c), [0, T]) 
and, hence, by the property (G7) of the elements of G^(c), 

1 dG 

-<-v^- — (m, l,g,t)<c, m = l,...,M. 

This implies the result if we account for the representation (5.16) for X. □ 

Proof of Theorem 6.2. The "only if" part follows from Theorem 6.1 and the 
fact that any locally bounded predictable process Q can be approximated in 
L°((iP X dt) by a sequence of simple predictable processes (Q")„,>i which is 
uniformly locally bounded. Hereafter we shall focus on sufficiency. 

By Theorem 5.17, Q is a maximal local strategy. Denote by U and X its 
processes of indirect utilities and cash balance and by r the explosion time 
of X, see Theorem 5.12. We have to show that r = oo. 
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For a > and b > a define the stopping times 

r(a) = inf {t G [0, T] : max > -a}, 

m=l,...,M 

r„(a) = inf{t G [0,T] : sup max f/^'^'™ > —a}, n>l, 

k>n m=l,...,M 

a{b) ^ mf{t e [0, T] : min < -b}, 

m=l,...,M 

= inf {t e [0, T] : inf min U^'"" < -b}, n > 1, 

k>n m=l,...,M 

where t/" is the process of indirect utilities for and where we let inf = 
CO. Note that, by Theorem 5.12, r(a) — >■ r, a ^ 0, and, hence, r = oo if and 
only if 

(6.5) limP[r(a) < T] = 0. 

a— >-0 

From Theorem 5.12 and Lemma 5.10 we deduce that Q^*-'^-*'^^ is a strategy 
whose indirect utility process coincides with U on [0,r(a) A T]. Hence, by 
Theorem 6.1, 

(6.6) (t/" _ f/);^^^^^ ^ 0, n^oo. 

Hereafter, we shall assume that a is rational and that, for every such a, the 
convergence above takes place almost surely. This can always be arranged 
by passing to a subsequence. 
Since 

{r(a) < r„(2a)} C f]{{U'' - U)*^ 

a)AT > 

k>n 

we obtain 

(6.7) lim P[r(a) < 7:„(2a)] = 0. 

n—^oo 

Similarly, as 

{a„(26) A r(a) < a{b) A r(a)} C \J{iU'' - U):^,)^^ > b}, 

k>n 

and since the convergence in (6.6) takes place almost surely, we deduce 
lim PK(26) A r(a) < a{b) A r(a)] = 0. 

n— ^oo 
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The latter convergence implies that 



(6.8) limsupP[a„(26) < r(a)] < F[a{b) < r(a)] < F[a{b) < t]. 

n— >oo 

From (6.7) and (6.8) we deduce 

P[r(a) <T]< F[a{b) < r] + limsup P[r„(2a) < a„(26) A T]. 

n—^oo 

Therefore, (6.5) holds if 

(6.9) lim F[a{b) < r] = 0, 
and, for any 6 > 0, 

(6.10) limlimsupP[r„(a) < (t„(6) A T] = 0. 

The verification of (6.9) is straightforward due to the submartingale prop- 
erty of U. The uniform local boundedness conditions on {Q"')n>i and (X")„>i 
(from above) and the fact that G has trajectories in C(C(B), [0,T]) imply 
that the process 

Fi^inf (G(-l,l,Q^t)-Xr), 0<t<T, 

n>l 

is locally bounded from below. The convergence (6.10) follows now from the 
second inequality in (6.4) of Lemma 6.3. □ 

We conclude this section with affirmative answers to our Questions 3.9 
and 3.10 from Section 3.2. Recall that the acronym LCRL means left- 
continuous with right limits. 

Theorem 6.4. Under Assumptions 3. 1, 3.2, 3.4, 5.2, and 5.14, a predictable 
process Q be with values in and LCRL trajectories is a strategy if and 
only if there is a predictable process X with values in R and a sequence of 
simple strategies {Q^)n>i converging to Q in ucp such that the sequence of 
its cash balances (X")„>i converges to X in ucp. In this case, X is the cash 
balance process for Q. 

Proof. Follows from Theorems 6.1 and 6.2 and the fact that any predictable 
process with LCRL trajectories is a limit in ucp of a sequence of simple 
processes which then necessarily is also uniformly locally bounded. □ 
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